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zeta Laplacian $\ovalbox{\tt\small REJECT}$ spectral zeta
zeta q-analogue




$0<q<1$ , $\Re z>0$ , $\delta=2\pi i/1ogq$
$q$









(cf.[8]) spectral zeta $z_{\gamma}(s :SU_{q}(2))$
$Z(s:SU_{q}(2))= \sum_{n=1}^{\infty}\frac{n^{2}}{\lambda_{n^{S}}}=(1+q^{-1})^{2s}\sum_{n=1}^{\infty}\frac{n^{2}q^{ns}}{[n]_{q}^{2s}}$
$\Re s>0$ Vl Hurwitz zeta
$\zeta(s, z)=..\sum_{k=0}^{\infty}\frac{1}{(k+z)^{s}}$
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q-analogue $\zeta(s,$ $z$ : $q)$
$\zeta(s, z:q)=\sum_{k=0}^{\infty}\frac{q^{s\langle k+1)}}{[k+z]_{q}^{s}}$
$\zeta(s, z:q)$ q-Hurwutz zeta
$\zeta(s, z:q)$ $s,$ $z$ $qarrow 1-0$
$\zeta(s, z)$
s- $[k+z]_{q}^{s}$ $(1-q^{k+z})^{s}$ $=$
$\zeta(s, z:q)$
$\zeta$ $:q)$ $=$ . $(1-q)^{s} \sum_{k=0}^{\infty}t^{q^{(k+1)s}\sum_{r=0}^{\infty}\frac{(s)_{f}}{r!}q^{(k+z)r}}\}$
$=$ $(q-q^{2})^{s} \sum_{r=0}^{\infty}\frac{(s)_{r^{\backslash }}q^{rz}}{r!1-q^{\tau+s}}$ (1)
$(s)_{f}=s(s+1)\cdots(s+r-1)_{\circ}$ (1)
$\zeta(s, z :q)$ $s<0$ $s=0$ Laurant
Theorem 1 q-Hurw zeta $\zeta(s,z:q)$ s- $s=-r+$
$\delta l$ $(r\in Z\geq 0, l\in Z)$ $s=0$ Laura
$\zeta(s, z:q)=\frac{\alpha_{-1}}{s}+\alpha_{0}+s\{\alpha_{1}-\log(q^{z}:q)_{\infty}\}+O(s^{2})$ , (2)
where
$\alpha_{-1}=-\frac{1}{\log q}$ , $\alpha_{0}=\frac{1}{2}-\frac{\log(q-q^{2})}{\log q}$






$\sum_{r=AI}^{N-1}f(r)=\int_{M}^{N}f(t)dt$ $+ \sum_{k=1}^{n}\frac{B_{k}}{k!}\{f^{\langle k-1)}(N)-\cdot f^{\langle k-1)}(M)\}$










$\zeta(s,z:q)$ $=$ $(1-q)^{s} \sum_{k=0}^{\infty}f(k)$
$=$ $- \frac{(q-q^{2})^{s}}{s\log q}F(s,s, s+1:q^{z})+\frac{1}{2}(\frac{q-q^{2}}{1-q^{z}})^{s}$
$+$ $s( \frac{q-q^{2}}{1-q^{z}})^{s}\sum_{k=1}^{m}\frac{B_{2k}}{(2k)!}(\frac{\log q}{q^{z}-1})^{2k-1}P_{2k-1}(q^{z};s)$
$-$ $R_{2m}(s,z:q)$ (5)
A$(x;s)$ $x$
$P_{0}(x;s)= \frac{1}{s}$ , $P_{1}.(x;s)=1$ ,
$(x-x^{2})P_{k}’(x;s)+(kx+s)P_{k}(x;s)=P_{k+1}(x;s)$ .
$R_{2m}(s.z:q)=|s \int_{0}^{\infty}\frac{\overline{B}_{2m}(t)}{(2m)!}(\frac{\log q}{q^{t+z}-1})^{2m}(\frac{1-q}{1-q^{\ell+z}})^{s}$ qs(t$+$ l)P2m $($ $; s)dt$
(5) $m=1$
$\zeta(s, z:q)=$ $-$ $\frac{(q-q^{2})^{s}}{s\log q}F(s,s,s+1:q^{z})+\frac{1}{2}(\frac{q-q^{2}}{1-q^{z}}I^{s}$





$=$ $\frac{(1-q)^{s}}{2\pi^{2}}\sum_{n=1}^{\infty}t\frac{1}{n^{2}}[f’(t)\cos(2\pi nt)]_{0}^{\infty}+\frac{2\pi}{n}\int_{0}^{\infty}f’(t)\sin(2\pi nt)dt\}$
$=$ $\frac{s}{12}(\frac{q-q^{2}}{1-q^{z}})^{s}(\frac{\log q}{q^{z}-1})+\frac{(q-q^{2})^{s}\log q}{2\pi i}\sum_{l\neq 0}\int_{0}^{\infty}e^{2\pi\cdot lt}\frac{q^{st}}{(1-q^{t+z})^{s+1}}\ovalbox{\tt\small REJECT}$
$=$ $\frac{s}{12}(\frac{q-q^{2}}{1-q^{z}})^{\epsilon}(\frac{\log q}{q^{z}-1})+\frac{s(q-q^{2})^{s}}{2\pi i}\sum_{l\neq 0}\frac{1}{l(s+\delta l)}F(s+1, s+\delta l,s+\delta l+1:q^{z})$
$s\neq-r+\delta k$ $(r\in Z_{\geq 0}, k\in Z_{\neq 0})$
s-
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Theorem 3 $s\neq-r+\delta k$ $(r\in Z\geq 0$ , $k\in Z\neq 0)$
$\zeta$ $z:q)=- \frac{(q-q^{2})^{s}}{s\log q}F(s,s,s+1:q^{z})+\frac{1}{2}(\frac{q-q^{2}}{1-q^{z}}I^{\theta}$
$+ \frac{s(q-q^{2})^{\epsilon}}{2\pi i}\sum_{l\neq 0}\frac{1}{l(s+\delta l)}F(s+1,s+\delta l,s+1+\delta l:q^{z})$ . (6)
4




$\zeta(s, z:q)$ $+$ $\frac{(q-q^{2})^{s}q^{-zs}\pi}{\log q\sin\pi s}$
$=$ $\frac{1}{1-s}(\frac{q-q^{2}}{1-q^{z}})^{s}(\frac{q^{z}-1}{\log q})F(1,1,2-s:1-q^{z})+\frac{1}{2}(\frac{q-q^{2}}{1-q^{z}})^{s}$
$+$ $\sum_{\iota\neq 0}\frac{1}{l}[(\frac{q-q^{2}}{1-q^{z}})^{s}\sum_{r=0}^{\infty}\{\frac{(\delta l)_{f}}{(1-s)_{f}}(1-q^{z})^{t}\}$
$-$ $\frac{\Gamma(1-s)\Gamma(s+\delta l)}{\Gamma(\delta l)}(q-q^{2})^{s}q^{-z\epsilon}e^{-2\pi}:\iota$ (7)
$\frac{q^{z}-1}{\log q}arrow z$ $\lim_{qarrow 1-0}(1-q)^{s}\frac{\Gamma(s+\delta l)}{\Gamma(\delta l)}=(-2\pi il)^{s}$ (8)
$\lim_{qarrow 1-0}\{((s, z:q)+\frac{(q-q^{2})^{s}q^{-zs}}{\log q}\frac{\pi}{\sin\pi s}\}$








$\zeta(s, z)$ $m=1$ Euler-MacLaurin
$\zeta(s, z)=\frac{z^{1-s}}{s-1}+\frac{z^{-\epsilon}}{2}+\frac{s}{12}z^{-s-1}-\frac{s(s+1)}{2!}\int_{0}^{\infty}\frac{\overline{B}_{2}(t)}{(z+t)^{s+2}}$
$\zeta(s, z)=\frac{z^{1-s}}{s-1}+\frac{z^{-s}}{2}+\frac{sz^{-s}}{2\pi i}\sum_{\iota\neq 0}\frac{1}{l}U(1,1-s:-2\pi ilz)$
(9)
Theorem 4 $s$
$\lim_{qarrow 1-0}\{((s,z:q)+\frac{(q-q^{2})^{s}q^{-zs}\pi}{\log q\sin\pi s}I=\zeta(s, z)$.
5
$\zeta^{*}(s,$ $z:q)= \zeta(s, z:q)+\frac{(q-q^{2})^{s}q^{-zs}}{\log q}\frac{\pi}{\sin\pi s}$
$\Re s<0$ , $0<z\leq 1$
$\frac{1}{2\pi i}(\frac{q-q^{2}}{1-q^{z}})^{s}\sum_{l\neq 0}\frac{1}{l}F(\delta l, 1,1-s:1-q^{z})$
$=- \frac{\prime 1}{s-1}(\frac{q-q^{2}}{1-q^{z}})^{\iota}\frac{q^{z}-1}{\log q}F(1,1,2-s:1-q^{z})-\frac{1}{2}(\frac{q-q^{2}}{1-q^{z}})^{S}$
Theorem 5 $0<z\leq 1$ , $\Re s<0$ , $s\neq-r+\delta l$ $(r\in Z\geq 0, l\in Z\neq 0)$
$\zeta^{*}(s,z:q)=-\frac{1}{2\pi i}(q-q^{2})^{s}q^{-zs}\Gamma(1-s)\sum_{l\neq 0}\frac{1}{l}\frac{\Gamma(s+\delta l)}{\Gamma(\delta l)}e^{-2\pi}:\iota_{z}$ (10)
Theorem 4 (8) (10)
$((s, z)=\Gamma(1-s)\{(2\tau\dagger i)^{s-1}\mathcal{L}_{1-s}(z)+(-2\pi i)^{s-1}\mathcal{L}_{1-s}(1-z)\}$ (11)
$\mathcal{L}_{s}(z)$ generalized polylogarithm
$\mathcal{L}_{s}(z)=\sum_{n=1}^{\infty}\frac{e^{2\pi\cdot nz}}{n^{\epsilon}}$ $(\Re s>0)$
Theorem 5 Hurwitz q-analogue (11) $\circ$
$z=1$ $V\backslash$ Riemann zeta
$\zeta(s).\cdot=2^{\theta}\pi^{s-1}\Gamma(1-s)\backslash \sin(\frac{\pi s}{2})\zeta(1-s)$
$-$
$($ cf. [4], [9] $)$
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6 q-Hurwitz zeta q-gamma
Hurwitz zeta gamma
$[ \frac{d}{ds}$ $\zeta$ $z)]_{s=0}= \log(\frac{\Gamma(z)}{\sqrt{2\pi}})$ (12)
q-Hurwitz zeta q-gamma
$\Gamma(z+1:q)=(1-q)^{-z}\frac{(q:q)}{(q^{z}:q)}$




Hurwitz zeta $s=0$ Laurant Euler-MacLaurin $s$
1 Stirling
q-shifted factorial$(q^{z}:q)\infty$
$\zeta(s, z :q)$ 2 (1), (5) $s=0$ aurant $s$ 1
,
$\log(q^{z}:q)_{\infty}$ $=$ $\frac{l}{\log q}Li_{2}(q^{z})-\frac{1}{12}\log q+\frac{1}{2}\log(1-q^{z})$
$-$ $\sum_{k=1}^{m}\frac{B_{2k}}{(2k)!}(\frac{\log q}{q^{z}-1})^{2k-1}P_{2k-1}(q^{z})+R_{2m}(z:q)$ (13)
$R_{2m}(z:q)= \frac{1}{s}R_{2m}(s,z:q)|_{s=0}=\int_{0}^{\infty}\frac{\overline{B}_{2m}(t)}{(2m)!}(\frac{\log q}{q^{t+z}-1})^{2m}$$P$2$m$ ( $qt+z$ )
$P_{k}(x)=P_{k}(x,$ $0),$ $Li_{2}(x)$ Euler dilogarithm
$Li_{2}(x)= \sum_{n=1}^{\infty}\frac{x^{n}}{n^{2}}$




$+$ $C_{1}(q)+ \frac{1}{12}\log q+\sum_{k=1}^{\infty}\frac{B_{2k}}{(2k)!}(\frac{\log q}{q^{z}-1})^{2k-1}P_{2k-1}(q^{z})$ $(\Re zarrow\infty)$
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$C_{1}(q)=- \frac{1}{12}\log q-\frac{1}{12}\frac{\log q}{q-1}+\int_{0}^{\infty}\frac{B_{2}(t)}{2}(\frac{\log q}{q^{t+l}-1})^{2}q^{\ell+1}dt$ .
$0<q\leq 1$ $q=1$ $S$ $g$
$\frac{d}{dz}\log\Gamma(z :q)$ Euler-MacLaurin Stirling q-analogue
Moak[101
q-shifted factorial (13) polylogarithm (cf. Lewin [7])
$\frac{l}{b\log q}Li_{2}(q^{a})=\frac{\pi^{2}}{6b\log q}-\frac{a}{b}\log a-\frac{a}{b}\log(-\log q)+\frac{a}{b}+O(\log q)$
$\log(q^{a}:q^{b})_{\infty}=\frac{\pi^{2}}{6b\log q}$ $+$ $( \frac{1}{2}-\frac{a}{b})\{\log(-\log q)+\log b\}+\frac{1}{2}\log(2\pi)$
$-$ $\log\Gamma(\frac{a}{b})+O(\log q)$ .






















3. $\frac{d^{r+1}}{dz^{r+1}}\log G_{f}(z+1:q)$ $\geq 0$ for $z\geq 0$ ,
4. $G_{0}(z;q)=[z]_{q}$
fflk $q$- gara




$q$- gara polylogarithm li$\Re$
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